We compute the momentum dependence of the effective four quark interaction in QCD after integrating out the gluons. Our method is based on a truncation of exact renormalization group equations which should give reasonable results for momenta above the confinement scale. The difference between the four quark interaction and the heavy quark potential can be minimized for an optimal renormalization scheme in Landau gauge. Within the momentum range relevant for quarkonia our results agree with phenomenological potentials. We also calculate the propagators for gluons and ghosts in Landau-gauge.
Introduction
Quantum Chromodynamics (QCD) is formulated in terms of a functional integral for quarks and gluons. The observed particles, however, are mesons and baryons. For a computation of mesonic properties one may imagine a two-step procedure: First one integrates out the gluons and obtains an effective functional integral for the quarks. Second one computes the mesonic properties from the effective quark model. At first sight this seems an extremely difficult task since the result of the first step must be a complicated nonlocal effective action for the quarks. For example, the first step already contains all the information needed for a determination of the heavy quark potential in the quenched approximation. Nevertheless, the following four observations indicate that this task may not be insoluble:
(i) Due to asymptotic freedom the momentum dependent multiquark interactions can be computed approximately for momenta sufficiently above typical strong interaction scales, e.g. the "confinement scale" Λ QCD . The full understanding of non-perturbative gluon physics is only needed for the low-momentum behaviour of the quark n-point functions which are obtained in the first step. Furthermore, non-perturbative flow equations based on the scale evolution of the effective average action can extrapolate into a momentum region beyond the perturbative range.
The effective average action Γ k includes in a Euclidean formulation all quantum fluctuations with momenta p 2 larger than some infrared cutoff k 2 . It is the generating functional for the 1PI n-point functions. A solution for k → 0 accounts for all quantum effects and therefore contains the relevant information for particle masses and interactions once momenta are analytically continued to
Minkowski space. The dependence of the effective average action on the scale k is described by an exact renormalization group equation [1, 2] . This allows us to explore the complicated infrared region gradually.
(ii) The functional integration for the quarks in the second step can also be done in small consecutive pieces by the use of exact renormalization group equations. It has been shown that a formulation in terms of nonperturbative flow equations derived from the effective average action [2, 3] can deal with nonlocal quark interactions [4] .
Combining this with (i) one expects that a reliable computation of the effective average action for quarks (after integrating out the gluons completely) should be possible at least for momenta and k larger than the vicinity of the confinement scale.
(iii) A first investigation of the flow of the effective average action for quarks has revealed [4] that mesonic bound states typically appear at a "compositeness scale" k ϕ ∼ 600 − 700 MeV. This scale is considerably above the confinement scale and the strong gauge coupling is not yet very large. For example, the loop expansion of the heavy quark potential still seems to be qualitatively valid for √ q 2 ∼ 700 MeV [5] . The prospects that at least the physically relevant parts of Γ kϕ can be computed rather reliably seem therefore quite promising. This quantity is interesting in its own right since it may be considered as the effective action for Nambu-Jona-Lasinio type models [6] .
(iv) It is possible to rewrite the functional integral such that at the scale k ϕ the composite mesonic degrees of freedom are included as explicit fields [4] . The phenomenon of spontaneous chiral symmetry breakdown occurs as k is lowered beyond k ϕ (typically for k ∼ 450 MeV) [4, 7] .
As a consequence, the quarks acquire a constituent mass m q ∼ 300 − 350 MeV and decouple from the flow of the mesonic interactions as k decreases below m q . The uncertainty in the strong nonperturbative confinement effects expected for the quark n-point functions with momenta q 2 ∼ < Λ 2 QCD affects only moderately the meson physics. Furthermore, the running of many mesonic couplings is governed by a fast attraction towards partial infrared fixed points [7] . Except for a few relevant parameters many properties of the meson physics become therefore rather insensitive to the precise form of Γ kϕ .
This paper aims for a computation of the effective four quark interaction in the first step of such a program. We will be satisfied with quantitatively reliable estimates for momenta down to √ q 2 ∼ 300 − 500 MeV whereas larger uncertainties are tolerable for lower momenta. More precisely, we want to compute the effective average action for the quarks at a scale k ψ (typically near the tau lepton or charm quark mass), with the gluon degrees of freedom completely integrated out and the quark fluctuations with momenta larger than k ψ included.
Our main tool is the effective average action [2, 3] . It is a functional of the fields χ, where the derivatives with respect to χ are the full or proper vertices. The average action Γ k [χ] obtains by adding to the classical action an infrared cutoff piece which is quadratic in the fields
Here R k (p 2 ) constitutes a momentum dependent infrared cutoff. It acts like a mass term R k ∝ k 2 for the low momentum modes and is exponentially suppressed for the high momentum modes
. The effective average action Γ k is then computed by the usual steps (introducing sources and performing a Legendre transform) while keeping the infrared cutoff [2] .
As the infrared cutoff scale k is lowered, quantum fluctuations with larger and larger length scales are effectively included in the functional integration. The variation of Γ k with k is described by
In fact, the only k-dependence of Γ k arises through the quadratic infrared cutoff (1). It is therefore proportional to ∂R k /∂k and to the connected two point function Γ
. One can use different cutoffs k B (k) and k F (k) for the bosonic (gluons and ghosts) and fermionic (quarks) parts.
Correspondingly, Γ
BB denotes the projection of the full field dependent propagator on the bosonic subspace and similar for the fermions. (For details see reference [2] .) The traces in eq. (2) contain a momentum integration and a summation over internal and Lorentz indices. Our exact equation has the form of a renormalization group improved one loop equation. The only difference from a one loop equation is the appearance of the full inverse propagator Γ
k , i.e. the matrix of second functional derivatives of Γ k with respect to the bosonic and fermionic fields χ, instead of the classical inverse propagator S (2) . This turns equation (2) into a functional differential equation and renders it exact to all orders in the loop expansion and including all nonperturbative effects. Furthermore, the momentum integration in equation (2) is both ultraviolet and infrared finite. Only a narrow range in the loop momenta p 2 ∼ k 2 contributes effectively. In consequence, a computation of ∂ t Γ k only needs knowledge of the physics in a momentum range near k.
The computation of the fermionic average action at the scale k ψ can be achieved by starting at some high scale k B = k F = k 0 within the range of validity of perturbation theory and lowering simultaneously the bosonic and fermionic infrared cutoff (k B = k F = k) down to k ψ , using equation (2) . One then keeps k F = k ψ fixed and removes the infrared cutoff for the bosons (k B = k) by following the evolution towards k B → 0. For this purpose one has t = ln k B /k 0 and the second term in eq. (2) does not contribute. Since the infrared cutoff k ψ for the quarks is still present all loops containing internal quark lines are suppressed for k ≪ k ψ -similar to the situation for outside the scope of this paper and we refer the reader to [4] .
We also relate the effective four quark interaction to the heavy quark potential. In section 6 we present an approximative estimate of the Fourier transform of the heavy quark potential V (q 2 ) in the "quenched approximation" where no light quarks are included (N f = 0). An optimal renormalization scheme guarantees that V (q 2 ) almost agrees with the two loop potential in the MS 
denotes a derivative operator that only acts on the explicit k-dependence in the cutoff-term. The full dots correspond to the full kdependent propagators including the cutoff-term whereas the empty dots stand for the full 1PI n-point functions. Combinatorical factors are not displayed.
In the course of computing Γ 0,k ψ [χ] we have to determine the propagators for the gluons and ghosts. Estimates for these propagators have been given using Schwinger-Dyson equations (SDE) [8] . In a certain sense our non-perturbative flow equations can be interpreted as a differential form of the SDE. In contrast to the SDE only a narrow momentum window p 2 ∼ k 2 contributes effectively to the momentum integration in the flow equation (2) and truncations should therefore be more reliable. For a possible comparison with other approaches we also present in this paper an estimate of the gluon and ghost propagators in Landau gauge and the quenched approximation. In practice, the most important ingredient of our calculation is the numerical solution of nonperturbative flow equations for the gluon and ghost propagators. These equations obtain from the exact equation (2) by a truncation which is explained in detail in the next section. Graphically, the exact system of flow equations for the gluon and ghost propagator (for fixed k F = k ψ ) is represented in figure 1 . The truncation corresponds to an approximation for the vertices and the precise form of the flow equation can be found in section 3 (equations (13) and (14)). As the infrared cutoff k ≡ k B is lowered, more and more of the fluctuations are included. This results in a transition from an almost classical form of the potential V ∝ 1/q 2 for k = 500 MeV to a non-perturbative form for k → 0, as can be seen in figure 2 .
In order to connect our results for small q 2 with the perturbative results for large q 2 it is important to choose the initial values for the numerical solution of the flow equation carefully.
Otherwise, the overall (non-perturbative) mass scale appearing in the potential for the range 300 MeV < √ q 2 < 700 MeV would remain a free parameter. We discuss in detail the choice of initial conditions in sections 4 and 5. This allows us to establish an explicit relationship of the relevant mass scale with the perturbative mass scale appearing in the MS scheme.
We should point out that the present paper is closely related to earlier work in the context of exact renormalization group equations on QCD propagators and the heavy quark potential [9, 10] , even though the present perspective is somewhat different.
Effective four-quark interaction
In this work we compute the effective four quark interaction in Γ 0,k ψ . We always assume here k F = k ψ held fixed and identify k = k B . In order to approximately solve the exact flow-equation (2) we have to resort to a truncation of the most general form of the effective average action. We work in the general setting of flow equations for gauge theories [11, 12, 13, 14] with Landau gauge fixing. This is motivated by the fact that a vanishing gauge fixing parameter α = 0 is a fixed point of the flow equations [9, 15] and will turn out to be crucial later. We work with vanishing "background fields" where the effective average action is not a gauge invariant functional. As far as the Slavnov-Taylor identities are concerned one notes [14] that Γ k contains counterterms, Γ ct , which are induced by the breaking of BRS-invariance due to the infrared cutoff R k . For k B , k F → 0 the BRS invariance is restored and the counterterms vanish. We may implicitly define Γ ct by requiring that Γ k − Γ ct obeys the standard Slavnov-Taylor identities. An exact solution of these identities which is sufficiently general for our purpose can be written in the form [9] (α → 0)
Here Γ inv is at this point an arbitrary gauge invariant functional of the rescaled gauge fieldÂ and the quark fields ψ, with covariant derivative D µ (Â)ψ = ∂ µ ψ − iḡT zÂ z µ ψ. The fieldsÂ and ξ are related to the gauge field A and the antighostξ by a momentum dependent wave-function
Comparison with (3) relates H to the inverse ghost propagator G gh by
The function H(q 2 ) will depend on k and the scaling ofÂ is such that the covariant derivative always involves a fixed gauge couplingḡ. This brings the present formulation close to the background field formulation [11] , even though we will work here with a vanishing background field.
From the ghost sector in our truncation we only need information about the two-point function
, since theÂξξ-vertex is fixed by the constantḡ in Landau-gauge.
In this setting the effective quark interactions can be extracted from the gauge invariant kernel
For the general discussion we will consider the truncation
which will be further restricted below for our practical calculation. 
The last term in equation (6) ∝ E accounts for part of the 1PI four quark Green-function.
In order to extract the information on effective quark-interactions we have to solve the fieldequation for the gluon-field as a functional of the quark field and insert the solution into the 1 We work in Euclidean space andγ is the Euclidean analogue of γ 5 (for conventions see [16] ).
effective action. Restricting ourselves to the four-quark interaction, the solution of the fieldequation for A derived from (6) is needed only in lowest order in an expansion in (ψψ) [9] . Upon
where we have neglected terms with different index-structures for the four-quark interaction and higher powers of (ψψ). We will concentrate on the quantitŷ
where the normalization is such thatV (q 2 ) coincides with the Fourier transform of the heavy quark potential 3 V (q 2 ) in the one loop approximation up to terms ∝ g 4 /q 2 . (In equation (9) we have suppressed the flavor indices of Y ψ and E). We want to computeV (q 2 ) in the limit k → 0 such that all gluon-fluctuations are integrated out. We will also henceforth approximate 4 the contributions from Y ψ and E in the Landau gauge by a k-independent constant∆ ∝ḡ 4 . This is suggested by the observation that the running of Y ψ and E involves loops with internal fermion lines and is suppressed for a fixed fermionic cutoff k F . In summary, our calculation amounts to the determination of the scale dependent gluon and ghost propagators G A (q 2 ) and G gh (q 2 ).
2 The additionalψ a ψ aÂ -vertex connected to a non-constant Z a ψ (−D 2 ) contributes to the field-equation for A, but leads to a different index structure for the four-quark interaction. This also holds for gauge invariants of the typeψ a γ µ γ νF z µν T z ψ a which are not contained in our truncation. Nevertheless, there are in general also neglected invariants contributing to the index structure (ψ a γ µ ψ a ) 2 . 3 Here V (q 2 ) corresponds to the quenched approximation without light quarks (N f = 0). 4 The solution of the modified Slavnov-Taylor Identities in ref. [10] is not general enough to admit nonvanishing E or Y ψ . Note that in general gauges the expression forṼ does not reproduce the correct running of the gauge coupling even to one-loop. This is due to contributions that are absent in Landau gauge.
For k > 0 we also have to specify our truncation for the counterterms contained in Γ ct . In principle, this piece is completely fixed by the additional terms appearing in the Slavnov-Taylor identities for k > 0 [14] . We only include explicitly 5 a gluon mass term, given by
Here the wave function renormalization constants are given bỹ
In the flow of general models for vector fields this mass term would be a relevant parameter, whereas in gauge theories its value is dictated by symmetry. Computing the mass term from the flow of truncated evolution equations could easily lead to large deviations from the "gauge theory hypersurface" in parameter space. It is therefore preferable to determine the mass term directly from the appropriate symmetry relations as in equation (10) . As the infrared cutoff is removed the mass term vanishes for k → 0. The mass term depends on the specific form of the infrared
5 The contribution from Γ ct to the gluon two-point function G A (q 2 ) also includes q 2 -dependent terms. The flowequation for G A (q 2 ) presented below actually describes the evolution of the full gluon two-point function derived from Γ inv + Γ ct , with the constant for zero momentum (the massterm m Thus the q 2 -dependent part in Γ ct is implicitly included. Only the mass term needs to be determined in addition
with different k-dependent wave function renormalization functionsZ for gluons and ghosts. In the region of approximately perturbative behaviour for k > 3Λ MS (with Λ MS the two loop confinement scale in the MS scheme) there is also approximate scaling in the renormalized quantities and we choose k-dependentZ in R k by identifying the constants in the infrared cutoff with the running wave function renormalizations (11) for the gauge fields and ghosts, respectively. For k < 3Λ MS scale invariance is strongly violated anyhow and we do not changeZ with k anymore, i.e. we takeZ =Z(3Λ MS ) in R k . For low momenta p 2 ≪ k 2 the infared cutoff R k acts like a mass term ∝Zk 2 . Typically, the size of the mass term contained in Γ ct is smaller thanZk 2 . In a certain sense, the mass term ∝ k 2 actys similar to a modification of the infrared cutoff R k .
Including the contributions from Γ ct the k-dependent inverse transverse gluon-propagator
Flow equation
Our method amounts to a solution of flow-equations for the k-dependence of the gluon and ghost two-point functions G A (q 2 ) and G gh (q 2 ), starting at some high momentum scale k = k 0 with perturbative "initial conditions" and extrapolating to k → 0. The exact flow-equations for the two-point functions obtain by taking the second functional derivative of equation (2) and therefore involve the exact momentum dependent three-and four-point functions between gluons, quarks and ghosts. Those are not known and we have to proceed to some approximation. (In principle, the general flow equation (2) also yields exact flow equations for the three and four point functions.
Since the latter involve again higher n-point functions a solution of such equations would postpone the necessity of approximations to the higher n-point functions.) One possible approach would be the extraction of the three and four-point functions from the truncation (3), (6) consists now in taking g k independent of the momentum of the propagators and using the same value for ∂ t G A (q 2 ) and ∂ t G gh (q 2 ). In practice this permits the use of the classical momentum dependence for the three and four-point functions on the right hand side of the flow equations.
We should point out, however, that this does by no means imply the assumption that the vertices are close to the classical ones. We only suppose that a certain momentum weighted average can be represented by a similar average over classical vertices with appropriate g k . It is a drawback of this approach that in practice g k is only defined implicitly 7 , without an explicit representation in terms of n-point vertices. This results in an uncertainty about what should be the scale dependence of g k and we will specify our assumptions below. In fact, we believe that the main uncertainty concerns this scale dependence. The approximation of an effective q 2 -independence of g k probably plays only a minor role, at least for momenta above the confinement scale.
In summary, we insert on the right hand side of the flow equations a classical momentum dependence for the three point functions and a constant four point function in terms of renormalized
gh ξ. The strength of the renormalized vertices is then determined by a common renormalized gauge coupling g k appearing in the covariant
Rµ . Our approximation can be compared with the so-called Mandelstamapproximation in the SDE approach [17] with the important difference that in contrast to the SDE only a narrow momentum range contributes in the loop integrals involved in the flow equations.
7 It is not difficult, however, to write down a formal expression in terms of momentum weighted integrals over exact three and four point functions.
An effective "momentum averaging of vertices" should therefore work much better in our case.
With our approximations the flow-equations for the two-point functions simplify considerably and one finds for Landau gauge-fixing α = 0 [9]
Here the symbol∂ t denotes a t-derivative which acts only on the infrared cutoff R k , i.e.∂ t = (∂R k /∂t)(∂/∂R k ). The exponential decay of ∂ t R k (cf. equation (12)) for large p 2 /k 2 implies a fast ultraviolet convergence of the momentum integrals in (13) and (14) .
It remains to specify the scale-dependence of the coupling g k . Even though defined only implicitly, g k is a possible choice of a renormalized gauge coupling (in an appropriate implicitly defined scheme). For small g k its running must therefore be governed by the universal two-loop beta-function and we use for sufficiently large k
(No quark loops are included here since the fermionic cutoff k F remains fixed. The running is then given by QCD with only heavy quarks or an effective number of light flavors N f = 0.) For larger g k we have in the present approximations no knowledge about the evolution of g k . Also our approximation of a classical momentum dependence for the vertices becomes less accurate. We find it suitable to display the effect of these uncertainties by using a set of different β-functions for large g k . We replace (15) for k < k c by
This has the effect that the increase of g k is smoothly stopped for small k. For k → 0 g k approaches a fixed value g ⋆ . The scale where the running of g k starts deviating from the two loop running is fixed by the condition g 2 c = 0.95g 2 ⋆ . Equation (16) corresponds then to a one parameter family of β-functions. We will parameterize the uncertainty of our approximation by
with typical values of α ⋆ of order one. It will become apparent that our lack of knowledge of the exact vertices plays an important role for the shape of V (q 2 ) only at small q 2 . For √ q 2 ∼ > 600 MeV the dependence of V (q 2 ) on α ⋆ turns out to be weak.
After performing the p integrations, the flow equations (13) and (14) become a coupled system of nonlinear partial differential equations for two functions G A , G gh , depending on two variables q 2 and t. They are supplemented by equations (15), (16) for the running of g k . We have solved these equations numerically, starting at k 0 from perturbative initial conditions for G A (q 2 ) and G gh (q 2 ).
Initial Values
The "initial values" for the propagators at the scale k 0 are determined by the solution of the flow equations for k ≥ k 0 , starting from very large k with the "classical action" including appropriate counterterms Γ ct . Since for k > k 0 perturbation theory is a valid expansion we can treat the flow of G A and G gh for k > k 0 perturbatively. The flow-equations in the one-loop approximation are obtained by setting on the right-hand sides of (13) and (14) 
In this case the momentum-integrations can be performed explicitly. We find (18) and
where x = q 2 /k 2 and
Note that the q 2 -derivatives of the above expressions reproduce for q 2 → 0 the perturbative anomalous dimensions as they should.
The couplingḡ 2 does not depend on k and we can integrate equations (18) and (19) . This yields at k = k 0 the one-loop expressions
and
The integration constants z A and z gh are related to the choice of a normalization scheme (see next section). For the gluon-mass counterterm we find to one loop [14, 9] 
We have also used equations (18) - (22) as a powerful check of our numerical integration algorithms by solving numerically equations (10), (13) , and (14) for small values of g 2 k .
8 The integration of equations (18) and (19) should be performed between k 0 and some ultraviolet scale Λ 0 ≫ k 0 . For Λ 0 /k 0 → ∞ the contribution from the upper boundary Λ 0 reduces to a simple term ∝ Ei 1 (
. This yields the logarithms in equations (20) and (21) and a k 0 -dependent piece in the constants,
k0 and similar for z gh .
Renormalization schemes and the relation to the MSscheme
In order to give numbers in physical units we have to specify the renormalization-scheme. For our purpose this specifies how a given numerical value for the dimensionless coupling g k 0 is related to a scale k 0 in GeV units. The numerical integration of the flow equations then yields all dimensionful quantities (as q 2 etc.) in units of k 0 . As emphasized in the introduction, the right hand side of the flow-equation (2) is both IR-and UV-finite for a suitable choice of the cutoff-function R k such as the one used in this work. Thus the formalism of exact flow-equations constitutes effectively a regularization-scheme. In this context the renormalization-scheme is defined by fixing a starting value for the functional Γ k at a large scale k = k 0 . Physical quantities involving typical momenta In addition to the relation between g k 0 and k 0 a complete determination of the renormalization scheme requires in our approximation also a specification of the initial values z A and z gh in equations (20) and (21). We choose a parametrization
and The most important specification of the renormalization scheme concerns the value of g k 0 at the initial scale k 0 , where we remind that g k is defined only implicitly. It seems to be a good procedure to compute some physical quantity related to a mass scale in our scheme and to choose g k 0 such that this quantity coincides with observation or the calculation in some other known scheme as the MS-scheme. We only want to use perturbative physics as an input and would like a simple quantitative relation between our scheme and the MS-scheme. A convenient physical quantity is the value of the Fourier transform of the effective heavy quark potential at a given momentum scale V (q 2 = µ 2 ). The latter has been computed in the MS-scheme to two-loop order [18] and one has
The four quark interactionV (q 2 ) may differ from V (q 2 ) by terms of order g 4 /q 2 (see section 6)
with ∆ =∆ +∆, cf. equation (9) . We therefore determine g k 0 by imposing
for a fixed value of µ in the perturbative range.
We still need the value of ∆(µ 2 ). To lowest order it can be inferred by comparing a one loop calculation ofṼ (q 2 ) in the MS-scheme with eq. (25). In one loop order the difference V −Ṽ is ultraviolet finite in Landau gauge. One obtains
and the relations (27) and (28) are now sufficient to expressḡ 2 ≡ g
as a function of δ and g
MS
(µ).
The nontrivial part of the solutions of flow equations concerns then the shape ofṼ (q 2 ) or V (q 2 ) for q 2 = µ 2 .
Let us next turn to the choice of an optimal renormalization scheme which minimizes the importance of neglected corrections. For the choice ofḡ (or µ in equation (27)) we rely on the fact that V is two loop exact for q 2 = µ 2 . All truncation errors in order g 6 therefore only affect the behaviour of V for q 2 = µ 2 . Since we are mainly interested in low values of q 2 we will choose µ 2 as low as possible with the constraint that the two loop approximation V
2−loop MS
should still remain valid. As a typical scale we will take µ = 3Λ MS with Λ MS the two loop confinement scale in the MS-scheme (N f = 0). For an optimal choice of δ we will further assume (see section 6) that the difference ∆(q 2 ) − ∆(µ 2 ) remains small as compared to q 2Ṽ (q 2 ) for a certain momentum range q 2 around µ 2 . This will allow us to relate the momentum dependence ofṼ (q 2 ) and V (q 2 ). By expanding equations (9), (20) and (21) for large q 2 in powers of g 2 it is easy to convince oneself that the momentum dependence of q 2Ṽ (q 2 ) is influenced in two loop order by the value of δ.
With our approximations this also extends to q 2 V (q 2 ). We will adopt a choice of δ for which the deviation between V (q 2 ) and V
(q 2 ) remains small for a certain range q 2 > µ 2 . (Of course, a truncation which is exact in two loop order would fix the two loop momentum dependence unambiguously and V could deviate from V
only in higher loop order. Our optimal choice of δ partly anticipates these higher order effects by minimizing their role in a whole range q 2 ≥ µ 2 .)
For the practical calculations with N f = 0 we will take δ A = δ gh = δ = −3. In the following we will always work with this "optimal renormalization scheme". This turns the disadvantage of the scheme ambiguity into an advantage by making use of independent perturbative calculations for q 2 ≥ µ 2 . Of course, this optimal scheme does not tell us what will happen for q 2 < µ 2 and it is in this region where the solution of the flow equation should extend our information beyond perturbation theory.
The choice of the scheme also affects the size of the neglected corrections ∼ ∆(q 2 ) − ∆(µ 2 ) in the relation betweenṼ and V . The fact that this quantity vanishes identically in one loop order and is almost zero for a whole range q 2 ≥ µ 2 strongly suggests that this quantity is indeed small compared to q 2Ṽ (q 2 ) in the optimal renormalization scheme, at least for a certain range q 2 < µ 2 .
We thus expectṼ (q
to be a good approximation to the heavy quark potential in this range. On the other hand, the information onṼ (q 2 ) can be transfered to a precise determination of the four quark interactionV (q 2 ) only once the term∆ in equation (9) is computed. For the time being we identifyV with V (i.e. we assume∆ = − 5ḡ 4 16π 2 ). 
Effective heavy quark potential
It is tempting to associateṼ (q 2 ) − 5ḡ 4 16π 2 q 2 with the Fourier transform of the heavy quark potential V (q 2 ). (See [10] for an identification ofṼ (q 2 ) with V (q 2 ).) The potential can then be inferred from the gluon and ghost propagators for k → 0 as
As we have argued in the preceeding section, we expect this to be a valid approximation in Landau gauge and for the "optimal renormalization scheme" used here. On the other hand, this identification is certainly not valid for general gauges and renormalization schemes. It is important to keep in mind the structural differences between the four quark interactionV and the heavy quark potential V . First of all, we observe that V is a gauge invariant quantity whereasV andṼ are not. For example, the momentum dependence of q 2Ṽ (q 2 ) coincides with the one of q 2 V (q 2 ) in one loop order only in Landau gauge.
The static potential is commonly defined in terms of Wegner-Wilson-Loops [19] . An expansion of the expectation value of the Wegner-Wilson loop (or a similar gauge invariant quantity involving four quarks) in terms of Green's functions for quarks and gluons not only contains a lowest order four-quark interaction (8) but also higher terms ∝ g < (ψψ) 2 A >, g 2 < (ψψ) 2 A 2 > etc.. After solving the field equations for A such terms would appear in the form of effective interactions involving six or more quarks. They contribute to V −V in higher orders in g.
Alternatively, one may think of using the effective four quark interaction for a computation of "heavy quark scattering" in the form of some physical and therefore gauge invariant cross section.
However, any reasonable definition of heavy quark scattering involves (almost) on shell quarks and must include soft or collinear gluons. In contrast,V (q 2 ) is evaluated for Euclidean quark momenta and nonvanishing infrared cutoff k F . The relative suppression of quark-vertex corrections (Y ψ ), box diagrams (E) and quark wave function effects (Z ψ − 1) for low q 2 is due to the infrared cutoff k F . It may not be the same for on-shell massive quarks with k F = 0 [9] . (Only for Euclidean momenta we are guaranteed that quark propagators always give suppression factors ∝ k −1
with m H the heavy quark mass if the diagram is ultraviolet finite.)
In summary, we conclude that on the conceptual level the difference betweenṼ and V is far from being trivial. Nevertheless, we know that for Landau gauge fixing the difference
expansion. The constant term ∝ g 4 is incorporated in our approximation (28). The optimal renormalization scheme minimizes the combined error from the neglection of the q 2 -dependence of ∆ and the truncation in the computation ofṼ . Only in this scheme the neglected corrections to V remain small for a whole range q 2 ≥ µ 2 , and, by continuity, also for a certain range q 2 < µ 2 .
It seems then reasonable to propose that the solution of the flow equation yields in the present setting a reasonable picture of V (q 2 ) down to relatively low values of q 2 , say √ q 2 ≈ 300 MeV.
In order to test the approximations we will compare our results for V (q 2 ) with phenomenological quark potentials used for charmonium, as for example the Richardson potential [20] V R (q 2 ) = 64π
Of course, such a comparison would be more meaningful if the effects of light quark flavors were included. Nevertheless, results of a "quenched approximation" (N f = 0) should not come out too far from reality provided the overall mass scale is properly chosen.
In this section we will present the results of a numerical integration of the system of integrodifferential equations (13) and (14) with a gluon-mass counterterm given by (10) figure 3 . For nonzero k we note that V k (q 2 ) gives a good approximation to V 0 (q 2 ) for √ q 2 ∼ > 3k.
Otherwise speaking, the infrared cutoff substantially influences the potential only in the region √ q 2 ∼ < 3k. This is a more quantitative version of our statement that fluctuations with momenta q 2 ∼ < k 2 have only little influence on the n-point functions at large q 2 . In figure 4 we compare the final value of V (q 2 ) with the Richardson potential for three values α ⋆ = 1, 1.5 and 2. The agreement for α ⋆ = 1 -1.5 is quite remarkable. Overall, we find that our results smoothly interpolate between the two loop potential for large q 2 and phenomenologically acceptable potentials for 300 MeV ∼ < √ q 2 ∼ < 800 MeV. 
2-loop Rich.
Rich. For a more detailed discussion of the momentum dependence of V (q 2 ) it is useful to define the quantity
We have plotted this quantity in figure 5 , again for different values of k. In the limit of a constant The dotted line corresponds to k = 500 MeV, the dashed line is at k = 100 MeV, and the solid line displays the final result for k = 0.
A potential V (q 2 ) ∝ q −4 which is the Fourier transform of a linear rising confinement potential corresponds to χ V (q 2 → 0) = −2. Our results have a tendency to approach this value. For √ q 2 ∼ < 400 MeV the dependence on the truncation (i.e. the value of α ⋆ in equation (17)) becomes important, however. It is apparent that the truncation uncertainty affects a derivative quantity as χ V much stronger than the potential itself. In figure 6 we display the function χ V (q 2 ) for k = 0
for different values of α ⋆ .
We observe that χ V is directly related to the β-function for a suitably defined running coupling 
2-loop Rich. The two-loop perturbative value is given by the universal two-loop β-function and thus reads
Extracting g 2 V (q 2 ) from our numerical solution we have also plotted the function (34) in figure   6 . The agreement of our numerical solution for χ V with this curve for high q 2 is remarkable.
We emphasize that the two loop running of g k in (15) does not automatically imply a two loop running of the momentum dependent g V (q 2 ) for large q 2 . At the present level of accuracy it is impossible to distinguish which part of the deviation of χ V (q 2 ) from (34) is due to shortcomings of the truncation or to the difference between the four quark interactionṼ (q 2 ) and the heavy quark potential.
For small momenta, the perturbative result for χ V is no longer reliable. For the Richardson potential (equation (30)), the behaviour of χ V reads
This curve is also displayed in figure 6 . Again, we observe the interpolation between the two loop and Richardson potential.
The quantity g 2 V may also be used in order to parametrize our results for V (q 2 ) in a form which allows for simple rescaling of the overall mass unit. Let us introduce the dimensionless variable
. Our results for the four quark interaction can be summarized in the fit (α ⋆ = 1.5) 
This fit reproduces our results in the range 0.05 ∼ < z ∼ < 100 with a relative error < 0.5%.
Since the agreement with phenomenological potentials is satisfactory in the range 300 MeV < √ q 2 < 800 MeV the charmonium levels computed from our approximation to V (q 2 ) will be close to the experimental values. One may ask if a string tension σ can also be extracted. Instead of determining σ from the behaviour of V (q 2 ) for q 2 → 0 we will use here a more phenomenological definition by fitting the quantity σ(q 2 ) = 3 16π
In figure 7 we display σ(q 2 ) for different values of α ⋆ . For a range α ⋆ = 1 − 2 we extract 0.13 GeV 2 < σ < 0.46 GeV Finally, it is also worthwhile to study the momentum and scale dependence of the gluon and ghost propagators in Landau gauge. The overall size of G A and G gh is given by the wave function renormalizationsZ A andZ gh (equations (11)). The k-dependence ofZ(k) is plotted in figure 8 and we observe in particular a strong decrease ofZ A for k → 0. The momentum dependence of the propagators is shown in figure 9 . Our results seem to indicate that G A (q 2 )/q 2 vanishes for q 2 → 0. For a more detailed investigation of the momentum dependence we introduce "momentum dependent anomalous dimensions"
The quantity χ V in equation (31) is related to χ A and χ gh by
where we observe that the correction ∝ ∆ becomes rapidly insignificant for small q 2 . We have plotted χ A and χ gh in figure 10 . For large q 2 these quantities should approach the one loop anomalous dimensions for the wave function renormalization of the gluon and ghost fields, 
We have checked that our numerical solution obeys these relations.
Conclusions
We have computed the effective four quark interaction which results from QCD after integrating out the gluon (and ghost) degrees of freedom. More precisely, we consider an effective action where also the quark fluctuations with momenta larger than a fermionic infrared cutoff k ψ are integrated out, but not those with lower momenta. In Landau gauge the low momentum behaviour of the four quark interaction is dominated by a dressed one gluon exchange whereas contributions from box diagrams and the quark wave function renormalization are less singular. In fact, the latter can be treated perturbatively since infrared complications are avoided due to the cutoff k ψ in the quark propagators. By the use of gauge symmetry (Ward identities) we can express the dominant "one gluon exchange contribution"Ṽ (q 2 ) in terms of the gluon and ghost propagators G A (q 2 ) and G gh (q 2 ). These propagators have been computed by an approximate solution of an exact renormalization group equation in the context of the effective average action.
For high enough momenta there is a simple relation betweenṼ (q 2 ) and the effective heavy quark potential V (q 2 ) in the quenched aproximation (N f = 0). The difference can be computed perturbatively and we have taken into account the one loop contribution. Using this connection for √ q 2 ≥ 3Λ MS we have optimized our renormalization scheme by employing the existing information on the two loop heavy quark potential in the MS scheme. This also allows us to express all dimensionful quantities in units of the two loop confinement scale Λ MS . We should point out that no information on the behaviour of the heavy quark potential for low momenta √ q 2 < 3Λ MS is required for this optimization. Our final result forṼ is the fit in equation (36),
The full four quark interactionV (q 2 ) (cf. equation (9)) still needs to be related toṼ (q 2 ) by a perturbative calculation, the difference being ∝ḡ 4 /q 2 and subleading for small q 2 .
Our result (43) is expressed in terms of the dimensionless variable z = q 2 /Λ We have also made an attempt to use our information on the effective four quark interactioñ V (q 2 ) for a computation of the effective heavy quark potential V (q 2 ) in the quenched approximation. This involves an additional important assumption, namely that the potential is dominated by a dressed one gluon exchange (in Landau gauge) also for √ q 2 < 3Λ MS . In other words, we suggest that the difference between V (q 2 ) andṼ (q 2 ) remains subleading for small q 2 . Even though suggested strongly by continuity arguments, this remains an assumption as long as no detailed calculations are available. In the real world the three light quarks contribute to the potential. (There is no infrared cutoff k ψ for these quarks.) In order to adapt our quenched results to this situation one has to choose the relevant scale Λ MS appropriatly so that at least the high momentum fluctuations of the quarks are effectively included (see section 6). Comparing our results to observation (coded in phenomenological potentials) gives then very satisfactory results: We find an effective potential which interpolates smoothly between the two-loop perturbative potential for high momenta and phenomenologically successful potentials for the range 300 MeV ∼ < √ q 2 ∼ < 800 MeV which is relevant for quarkonia. This strongly supports our assumption that V (q 2 ) is indeed dominated by a dressed one gluon exchange. If this picture can be substantiated and extends to the straightforward inclusion of light quark fluctuations it will permit to relate the perturbative scale Λ MS to quarkonium physics and therefore ultimately compute the fine structure constant at the Z-mass α s (M Z ) in the MS scheme. Although the error estimate is difficult and probably not competitive with a corresponding program in lattice QCD [5] such an analytical link between perturbative and nonperturbative QCD would be of great value.
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